We present a study of residence time statistics for N renewal processes with a long tailed distribution of the waiting time. Such processes describe many nonequilibrium systems ranging from the intensity of N blinking quantum dots to the residence time of N Brownian particles. With numerical simulations and exact calculations, we show sharp transitions for a critical number of degrees of freedom N. In contrast to the expectation, the fluctuations in the limit of N ! 1 are nontrivial. We briefly discuss how our approach can be used to detect nonergodic kinetics from the measurements of many blinking chromophores, without the need to reach the single molecule limit. DOI: 10.1103/PhysRevLett.107.170601 PACS numbers: 05.40.Fb, 02.50.Àr, 05.45.Tp, 78.67.Hc Residence time statistics has attracted considerable interest as a tool describing nonequilibrium phenomena. For a fluctuating time trace IðtÞ the residence time t þ is the total time the signal remains beyond some threshold. A classical result in this field is Lévy's arcsine law [1, 2] . Then t þ is the residence time of a one dimensional Brownian particle in half space. In contrast with a naive expectation, the distribution of t þ =t, where t is the measurement time, is not centered on its mean; instead, it has a [ shape with singularities described by the persistence exponent ¼ 1=2 for simple diffusion [3] (see details below). Similar bi-modal distributions were obtained for random walks in disordered environments [4] , the persistence problem of diffusion in dimension d [5], a melting heteropolymer Sinai model [6] , and for the fluorescence signal from a quantum dot (QD) [7, 8] .
Residence time statistics has attracted considerable interest as a tool describing nonequilibrium phenomena. For a fluctuating time trace IðtÞ the residence time t þ is the total time the signal remains beyond some threshold. A classical result in this field is Lévy's arcsine law [1, 2] . Then t þ is the residence time of a one dimensional Brownian particle in half space. In contrast with a naive expectation, the distribution of t þ =t, where t is the measurement time, is not centered on its mean; instead, it has a [ shape with singularities described by the persistence exponent ¼ 1=2 for simple diffusion [3] (see details below). Similar bi-modal distributions were obtained for random walks in disordered environments [4] , the persistence problem of diffusion in dimension d [5] , a melting heteropolymer Sinai model [6] , and for the fluorescence signal from a quantum dot (QD) [7, 8] .
Let us consider QD's intermittency as one example of a large class of nonequilibrium statistical mechanical problems (see further examples below). A single QD, when interacting with a continuous wave laser, exhibits blinking with power law kinetics which is related to nontrivial residence times, and nonstationary and nonergodic behavior [7] [8] [9] [10] . At random times the dot will switch from a bright state where many photons are emitted to a dark state. Thus, as shown in Fig. 1 , the sequence on ; off ; on ; off ; . . . ; describes the blinking process of a single QD. The probability density function (PDF) of both on and off times are power laws c ðÞ $ Àð1þÞ at least for low laser intensity [11] . In many QD systems ' 1=2 or 1=2 < < 1 is reported [9] [10] [11] [12] , though recently clever engineering of the QD structure led to the first nonblinking dot [13] . Most interesting, the average on and off times hi ¼ R 1 0 c ðÞd diverges, i.e., the dynamics is scalefree. Several physical models explaining this behavior were suggested [9, 10] , for example, based on normal diffusion [8] ; however, so far no experimental evidence provides confirmation to a specific mechanism responsible for the power law blinking. Further, the effect is not limited to QDs, it is found also for organic single molecules provided that they are embedded in a disordered material [10] . The residence time of such a blinking process t þ is the total time the system spent in the on or off state, which has a known nontrivial distribution soon to be discussed.
So far most works on the residence time problem considered 1 degree of freedom, for example, a single QD or random walker [4] . Will the nonergodic and non self averaging fluctuations observed in the single particle domain manifest themselves also when considering a large ensemble of particles? Do the large single particle fluctuations change qualitatively as we increase the number of particles? If so, will this happen at a critical number of degrees of freedom? In the QDs context, we show that the analysis of statistical properties of residence times of a large collection of dots can detect the non ergodicity observed previously with single molecule detection. As we discuss in the summary this may help in the determination of the universality of nonergodic blinking beyond the wellestablished case of individual QDs. Previously, Chung et al. [12] showed how to extract parameters like from a collection of QDs using fluorescence intensity decay. However, the fundamental statistical question of whether a large collection of QDs exhibits ergodicity breaking has not yet been addressed.
Model and observable.-We investigate the problem of residence time statistics for a N two state renewal model using blinking QDs as our main example. The statistically identical dots undergo the following simple renewal process. The i-th dot (i ¼ 1; . . . ; N) can be in a bright state where the intensity of light is I i ðtÞ ¼ 1 or a dark state with intensity I i ðtÞ ¼ 0. Waiting times in state on and off are independent, identically distributed random variables with a common PDF c ðÞ. c ðÞ is moment less, namely, c ðÞ $ A Àð1þÞ for long and 0 < < 1. The signal of N dots is I N ðtÞ ¼ P N i¼1 I i ðtÞ and the ensemble mean is obviously hI N i ¼ N=2. Here we investigate the time t þ the process remains above its mean (i.e., the dashed line in Fig. 1 ). The residence fraction is defined as 0 < p þ ¼ t þ =t < 1 where t is the total measurement time.
Relation with Brownian motion.-The model and its variants describe many physical systems and processes beyond QDs, e.g., well-known Lévy walks [14] , which describe tracer diffusion in turbulent flow, certain chaotic systems [15] , and recently, models of 1=f noise [16, 17] . Probably the best well-known example is Brownian motion. Consider a single Brownian particle in one dimension and let I 1 ðtÞ ¼ 1 for a particle being in x > 0 and I 1 ðtÞ ¼ 0 for x < 0. As is well known, the PDF of first passage times and, hence, of waiting times in x < 0 or x > 0 follow power law behavior c ðÞ / À3=2 so ¼ 1=2 in this example. For a single particle, the time t þ is simply the residence time in half space x > 0 which follows the classical arcsine distribution of P. Lévy (see details below). For N Brownian particles t þ is the time the majority of N particles are on x > 0. Naively, one would expect that this time in the N ! 1 limit would be deterministically equal to half of the measurement time. This turns out to be wrong and features of Lévy's arcsine law survive the N ! 1 limit.
Known results for a single QD.-N ¼ 1. Lamperti [18] derived the PDF of the residence fraction [1, 8] 
When ¼ 1=2 the mentioned arcsine PDF is obtained, which has a [ shape. When ! 1 the PDF Eq. (1) approaches a delta function on its mean hp þ i ¼ 1=2, which corresponds to ergodic behavior. In the opposite limit ! 0 we have two delta functions on p þ ¼ 0 and p þ ¼ 1. Then the QD is either in the dark state or the bright state for the whole duration of the measurement. An important feature of the Lamperti PDF is that for 0 < < 1 the maximum of the PDF is on this rare event: the PDF diverges on p þ ¼ 0 and p þ ¼ 1. This clearly reflects sojourn times in either the on or the off state, which are of the order of the measurement time.
The PDF of the residence fraction.-This was obtained numerically and is presented in Fig. 2 for ¼ 0:57 and ¼ 0:5. For ¼ 0:57 a transition from a [ shape PDF for N < 5 to a \ shape PDF for N > 5 is found, while N ¼ 5 gives a uniform PDF. In contrast, for ¼ 0:5 the PDF for all N has a [ shape. These findings indicate (i) even in the large N limit the fluctuations of residence times remain nontrivial, namely, we do not see a convergence of the PDF to a delta function and (ii) that there exists a critical below which the PDF of residence fractions always has (for any N) a [ shape. However, simulations are limited to finite N and finite measurement time; hence, we now turn to analytical theory.
The residence fraction for N QDs is defined as
where ðxÞ is the step function: ðxÞ ¼ 1 if its argument is positive, otherwise it is zero. For convenience we will consider only odd N. The states of the system are determined by a vector ½I 1 ðtÞ; . . . ; I i ðtÞ; . . . ; I N ðtÞ. States contributing to the considered residence fraction are those with at least ðN þ 1Þ=2 processes in the bright state I i ðtÞ ¼ 1 and we have 2 NÀ1 such states. We can rewrite the residence fraction as a sum over time averages of these states
Here Å N i¼1 I i j is a sum over all permutations of the product I 1 Á Á Á I N with j terms of the type 1 À I i and N À j terms of the type I i . For example, for N ¼ 3 we have Å ð0; 1; 1Þ, ð1; 0; 1Þ, ð1; 1; 0Þ since for these states the total intensity I N¼3 ðtÞ is above its mean hIi N¼3 ¼ 3=2. Sub and superuniform statistics.-It is easy to see that the mean is hp þ i ¼ 1=2 which is expected from symmetry. More interesting is the variance 2 ¼ hðp þ Þ 2 i À hp þ i 2 . The variance can be used to quantify different types of fluctuations. If 2 > 1=12 we define the fluctuations as superuniform while 2 < 1=12 is subuniform. Distributions of residence fractions with [ ( \ ) shape are superuniform (subuniform), respectively. Squaring Eq. (3) and averaging with respect to the random process
We see that the fluctuation of the residence fraction is determined by the intensity correlation function
A lengthy combinatorial calculation, which we will publish elsewhere, yields the coefficients A N ðlÞ,
where [19] 
This representation will soon be useful since we identify binomial expansions in it. Correlation functions.-Many natural processes exhibit stationary behavior, namely, hIðt 1 ÞIðt 2 Þi is a function of the time difference jt 2 À t 1 j. However, many other systems exhibit aging [1, 20] 
which is common for a system with an infinite mean waiting time. Such aging is found by initial preparation of the process in a nonequilibrium state [1] ; namely, we assume that the renewal process starts at time t ¼ 0. Physically this means that for QDs the measurement starts at t ¼ 0 when the laser is turned on and the process then begins, while for the Brownian motion this assumption implies that we start with N particles with a compact support (e.g., particles start on the origin). Equation (7) is valid in the limit when t 1 and t 2 are large [1] . For the two state QD process [1, 8] CðzÞ ¼ 1 4
Fluctuations for finite N.-Inserting Eq. (8) in Eq. (4) and changing variables to z ¼ t 1 =t 2 , we find exact expressions for the fluctuations. The latter are valid in the long time limit since, as mentioned, the aging behavior of the correlation function in Eq. (4) holds only asymptotically [21] 
Similarly for N ¼ 5 we obtain 2 ¼ 36C 5 À 45C 4 þ 25C 3 À 7:5C 2 þ 1:875C 1 À 0:25. For this example of N ¼ 5 we find uniform statistics 2 ¼ 1=12 when ' 0:57. This perfectly matches the simulations in Fig. 2 which exhibit a uniform distribution of the occupation fraction for these parameters. Similarly, we obtain exact expression for 2 for any finite N using the exact expression for A N ðlÞ (e.g., [22] ). We can then determine whether fluctuations are sub or superuniform. For ¼ 1=2, i.e., the Brownian motion, Eqs. (8) and (9) give
For Þ 1=2 we solve the integral, Eq. (9), with MATHEMATICA and hence obtain numerically exact expressions for 2 . In Fig. 3 we show 2 versus for various N.
Àn and one can easily show that 2 ¼ 0, which corresponds to the ergodic phase. In the opposite limit ! 0 we have C n ¼ hIi n ¼ 2 Àn and then 2 ¼ 1=4. This is the expected behavior since when ! 0 a single particle remains in one state (either bright or dark) for the whole measurement time and hence with probability 1=2 the signal composed of an ensemble of an odd number of particles is above its mean all along the measurement. As shown in Fig. 3 the fluctuations are the strongest when N ¼ 1, which is expected. Surprisingly, we see that as the number of particles is increased the fluctuations remain finite. This means that the nonergodic behavior found for a single QD [7, 8] can be detected also for a large ensemble of dots. A measurement of the residence time t þ remains a random variable even when N is large and a single measurement is not a reproducible result. We now turn to find the variance 2 in the N ! 1 limit. In the limit N ! 1 we use Stirling's formula to approximate the double binomial sum in Eq. (6) with a double integral over a pair of Gaussians. The first integration yields an error function and we find 
Inserting this expression in Eq. (4) and using Eq. (7) we find (after a change of variables to
In the large N limit the binomial part of the integral, N l ½1 À 2CðzÞ l ½2CðzÞ NÀl ;
is narrowly centered around its mean ½1 À 2CðzÞN [23]. Hence, we find
which is the main equation of this manuscript. Equation (14) shows that even when N ! 1 the statistics of renewal systems with N degrees of freedom, e.g., blinking QDs, is nonergodic: the fluctuation of the residence time is finite even for a large ensemble. Only in the limit ! 1 do we get expected ergodic behavior 2 ¼ 0. In Fig. 3 we plot Eq. (14) versus and classify subuniform and superuniform statistics. For the Brownian case ¼ 1=2 we get lim N!1 2 ¼ 0:086 . . . , which is superuniform; hence, this rigorously shows that a \ shape PDF is not found [24] . Lévy's arcsine law exhibits superuniform statistics and surprisingly this property is maintained also for a large ensemble of particles. Inserting Eq. (8) in Eq. (14) we find that if < c ¼ 0:518 . . . , the fluctuations are superuniform in the limit N ! 1 (see Fig. 3 ). This theoretical prediction is in agreement with our simulations presented in Fig. 2 , which shows superuniform (subuniform) behaviors when < c ( > c ), respectively.
As mentioned in the introduction, nonergodic blinking was detected in the laboratory using single QD measurements. It was suggested that this behavior extends beyond QD systems [9] , namely, that power law blinking of fluorescent emitters in disordered systems is the rule not the exception. Here we showed how the nonergodic kinetics can be detected also from a measurement of an ensemble of particles. This may help establish the universality of the nonergodic blinking beyond QDs and a few single organic molecules detected so far. One can apply our approach to a vast number of chromphores and systems where single particle detection is not straightforward and, in principle, detect nonergodicity with ensemble measurements where N is large.
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